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HIGHER ORDER COMMUTATORS FOR VECTOR-VALUED
CALDERON-ZYGMUND OPERATORS

CARLOS SEGOVIA AND JOSE L. TORREA

ABSTRACT. Weighted norm estimates for higher order commutators are ob-
tained. The proof, that remain valid in the vector-valued case, are obtained
as an application of some extrapolation results. The vector-valued version of
the commutator theorem is applied to the Carleson operator, U.M.D. Banach
spaces, approximate identities and maximal operators.

INTRODUCTION

The purpose of this paper is to obtain weighted norm estimates for higher
order commutators, see Theorem (2.1). The proof of this commutator theorem
is an application of some extrapolation results of independent interest stated
in §1. We give proofs that remain valid in the vector-valued case. We apply
the vector-valued version of the commutator theorem to the Carleson operator,
U.M.D. Banach spaces, approximate identities and maximal operators.

Throughout this paper we shall work on R" endowed with the Lebesgue
measure. Given a Banach space E we shall denote by L% (R") or simply L%
the Bochner-Lebesgue spaces of E-valued strongly measurable functions such
that [, |/(x)I1% dx < co.

Given a nonnegative measurable function «(x), we shall denote by L%(a)
the space of E-valued strongly measurable functions such that

| 1 olat) dx < .

By BMOg(v) we mean the space of E-valued strongly measurable functions
a(x) such that [, [la(x) - agllg dx < C f,v(x)dx holds for every ball Q and
ap =1Q|™! fQ a(x)dx with a constant C independent of Q.

Given two Banach spaces E and F, we denote .#(E, F) the Banach space
of all continuous linear operators from E into F .

By a Banach lattice we mean an ordered Banach space F over the real num-
bers satisfying

(i) for every x and y in F there exist a least upper bound x Vv y, and a
greatest lower bound x A y.

(i1) if |x| =x Vv (—x) then |x|| <||y||, whenever |x| < |y|.

We observe that ||x|| = ||(]x])|| is a consequence of (ii).
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Let a(x) be a real valued and nonnegative function defined on R". We shall
say that o belongs to the class A(p, q), | <p<oo and 1 <g <00, if

(0.1) (IQI“ /Q o(x)” dx)W (1o /Q a(x)")l/q <e

holds for every ball Q with a constant ¢ independent of Q. Here p'+p = p-p’.
The least constant ¢ satisfying (0.1) shall be called the constant of a in the
class A(p, q). The Hardy-Littlewood maximal function M(f)(x) is defined
as sup{|f|g: x € @}. It is well known that for 1 < p < oo,

/ M Fx)Pax)P dx < co / ()P e(x) dx

holds if and only if w € A(p, p), see [Mu and RFC]. The “sharp” function of
a function f is defined as

- -1 _
/() = sup|Q /Q 1/ (x) - folldx.

As a reference for properties of the maximal function, the sharp function
and weights see [RFC].

1. THE EXTRAPOLATION THEOREM (THE INFINITY CASE)

We begin this section with a lemma due to Rubio de Francia [RFC, p. 434].

(1.1) Lemma. Let S be an operator, p(x) >0 and a number t > 1. Let us
assume that

(i) S(NH=0,
(i) S(h+ ) <S(H)+S(f),
(i) S(Af)=14IS(f), and
i) oSN < clipf e
Then, if pu belongs to L', there exists U > u such that
IpUll: < 2|lpull: and S(U) < 2cU.
As an application of Rubio de Francia’s Lemma, we obtain

(1.2) Proposition. Let u(x) and n(x) be nonnegative functions. Let v > 1
and 1 <s < co. We assume that, u and nu belong to A(s, st) where s' > v
and st = s'v(s' —v). Then if h(x) >0 and hu*/s' belongs to L*', there exists
H > h such that |Hu* ||y < 2||hp’’* ||y and both, p*H and nu'H , belong to
A(l, v).
Proof. Let us define the operator S as

S(f) = WM £ PN + ™ T (e )11V

This operator S satisfies conditions (i) to (iv) of Lemma (1.1) with p = /%'
and ¢ =s'. Then, there exists a function H > h such that

pIM((wH))IYY < S(H) < 2cH

and

n~'uT IM((neH)*)1'Y < S(H) < 2¢H,
showing that u*H and nu*H belong to A(l, v).
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Now, we state and prove the main result of this section. For previous versions
of this theorem see [HMS and STa].

(1.3) Theorem (extrapolation theorem, the infinite case). Let T be a sublinear
operator defined on C§°, 1 <v < oo, 1 <r<oo, r<p<i<oo, v<
(g/r)/A/r), ¢V =p~t = A~'. Let v(x) >0 and assume that

(1.4) 0T f oo < collwf Iz

holds for every w such that w and vw belong to A(((A/r)v), co0) with a
constant ¢, depending on the constants of w and vw in this class. Then, if
" and (vw)" belong to A(((p/r)'t), q/r), where t is given by 1/(q/r) =
1/v(A/r) — 1/t(p/r)", we have that

(L1.5) loT fllg < coll@f I,

hold for every f € C§° with c, a constant depending on the constants of "
and (vw)" in their class only.

Moreover, if the hypotheses of the theorem holds for every v, 1 < v <
(g/r)/(A[r), then if " and (vw)" belong to A(p/r, q/r) it follows that (1.5)
holds for this w, since there exists 1 < v close enough to 1 such that w €
A(((p/n)'1) , q]r).

Proof. We can assume without loss of generality that |wf|, = 1. Let & be
the function defined as
h = {|f|w(p/r)’}r(l/r)’p/q .

This function satisfies

(1.6) / RGINIGINY @=rA/n) (+p/r) [@1) gy = 1
and

1/
(1.7) (/ | SR YA eI 1A)r) A dx) -1.

Let n=v=""" | u=c@ """ and s=1+(p/r)/(q]r).
With these notations we have s’ =s/(s—1) =(q/r)/(A/r)", st =s"v/(s'—v)
and u € A(s, st). Moreover, (1.6) becomes

1 l/Sl !
(f s d") e = 1.

Then, by Proposition (1.2) there exists H > h such that

(1.8) (f#'w) ",

and

(1.9) both u*H and nu’H belong to A(1, v).

Let G = H™ /"0 e/r)'/@4/N" | We shall prove that G" and (vG)" belong
to A(((4/r)'v)’, ) or, equivalently, that G—"/"" and (vG)~"*/"" belong to
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A(1, v). In fact, since r(A/r)s =r(p/r)", (1.9) tells us that

(1.10) G = Ho™"®/"' = sH € A(1, v)
and
(1.11) (wG) W = Hy=rAn e/ = pusH € A(1, v).

Now, recalling (1.7), we get

1/ 1/
1> < / | FH R o1 1) dx) - ( / | fGI‘) .
Then, by (1.10), (1.11), (1.8) and (1.4), it follows that

1/q
1> IGTS flooc (/ HY s dx>

1/q 1/q
>c (/ G"H"uslelqu) >c </ co"|Tf|"dx) ,

as we wanted to show.

2. COMMUTATORS FOR FRACTIONAL AND SINGULAR INTEGRALS

In this section we state the main results of this paper.

(2.1) Theorem (Commutator theorem). Let E and F be Banach spaces and
K a bounded linear operator from LE(R") into LL(R"), ¢~! =p~' - 271,
1 < p < A. Let us assume that there exists a kernel k(x,y) with values in
Z(E, F), such that

(2.2) if feCg°, then

Kf(x)= / k(x,y)f0)dy ifx ¢ suppf,

(2.3) there exists a slowly increasing function w(t) >0 (w(2t) < cw(t)) such
that

1/r
( / lk(x, ) - k(z, 0" dy)
R<|y—yo|<2R

< cR™MTAIrY (Ix —z|/R+ (1) dt/t) .

/|x—z|/2R<z<|x—z|/R

Let us assume that two functions a(x) and a(x) defined on R" and with
values in &£ (E, E) and Z(F, F), respectively, are given and satisfy
(i) for every x and y in R",
a(x)a(y) = a)a(x) and a(x)a(y) = a)a(x)
hold,
(ii) for every z € R",

a(2)K(f)(x) = K(a(z)f)(x)

holds, and
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(lll) a belongs to BMO_C/(E,E)(V) and a belongs to BMOg(F’F)(V) .
We define the m-commutator Craf) as

C2 4(f)(x)=Kf(x) and, ifm>0,
Ca(N)(x) = a()Cr 7 (f)(x) - Cz'(af )(x).
Then, given a and B such that o' and B" belong to A(p/r,q/r), 1 <r<

P<A<oo, gV =p 1 =271 and af~! = v™ there exists a finite constant ¢
such that

( [ ez @igaes dx) Moo ( [ 1/ atxr ax)

holds provided that the Dini condition

1/p

/ (1 0)w(t) it < oo,
0

is satisfied.

For the case m = 0 this theorem is essentially due to Kurtz and Wheeden,
see [KW]. Forany m > 1 and v =1, see [CRW]. For m =1 and the Hilbert
transform, see [B].

(2.4) Theorem. Let F be a Banach lattice and W (f) a bounded linear oper-
ator from LP(R") into LL(R"), 1 <p <Ai<oo, g-'=p~ ' =247, Let us
assume the existence of an F-valued kernel w(x, y) such that

(Wy) for every f e Cg°,

W(f)(x) = / w(x, »)f()dy

holds,
(W) for every x and y in R", w(x,y)>0, and
(W3) the kernel w(x,y) satisfies condition (2.3), substituting k(x,y) for

w(x, y).
Let us assume that a real valued function a(x) is given and belongs to BMO(v).
Then, the operator

W) = [wx, ylatx) - am) ) dy,
is well defined on Cg§° and there exists a finite constant ¢ such that
1/q 1/p
(fimreomserax) <e( [irmpacr dx)

holds whenever o" and B’ belong to A(p/r,q/r), 1 < r<p < i< oo,
g '=p'-i', and af~! = v™, provided that

/l Ig”(1/)w(t)dt/t < .
0
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3. APPLICATIONS
A. Singular integrals and fractional integrals. Let Q(x) be a homogeneous
function of degree zero defined on R"—{0}. We assume that fl Q(x")dx' =
0 and if p is a rotation in R" and |p| = ||p - I|, let

x'|=1

1/r
sup (/ 1Q(px") — Qx| dx’) =w(t), 1<r<oo.
lpl<t \/|x'|=1

We assume that w(¢) satisfies the condition

1
(3.1) /0 1g” (1/0)w(z) di)t < oo.

Then, by [KW] we obtain that the kernel k(x —y) = Q(x — y)|x — y|~"*,
1 <A < 00, satisfies (2.3) and

Kf(x)=p.v./ Qx—y)

m'f()’)dy,

is a bounded operator from L? into L9 forevery 1 <p <4, g '=p-1-1"1.
Thus, by the commutator theorem (2.1) we obtain that if a € BMO(v), then

Q(x —
Cr(Nx) = p. [ =D ax) - a)" ) dy.,
satisfies
WBCT fllg < cllafllp,
for every a and B, af~! = v™, o' and B’ in A(p/r,q/r) and ¢7! =
p'—A"1, 1 <r<p< A< . For the case of the Hilbert transform and

m = 1 see [B]. For kernels with condition (3.1) and m = 1, see [STa and STb].
Finally, the unweighted case was considered in [CH and CRW].

B. Let us assume that k(x, y) is a kernel satisfying condition (2.3) and that
K f(x)=1lim k(x,y)f(y)dy,
e=0J|x—y|>e

defines a bounded linear operator from L? into L9, 1 < p < 4, ¢~! =
p~! —A~!. Then, if a € BMO(v),

(CJ)"(f)(x) = sup

e>0

/| | k(x,y)<a(x>—a(y))'”f(y)dy',
x—y|>¢e

is a bounded linear operator from L?(o”) into L4(f9) provided that o” and
B’ belong to A(p/r,q/r), 1 <r<p<Ai<oo, gol =p ! -21 and
af~!=v™ . Infactlet ¢ and y be C> functions such that

2,00 SO < A,000 and 21,20 S W < Xup2,3)-

We consider the /*-valued operators

o(f)(x) = ( [ 9105 =500 70) dy)

e>0
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)0 = ([ eex lwx =i/ f ) dy ) §

The kernels of ® and ¥ satisfy conditions (2.3) and (W3) of (2.4) respectively.
By the vector valued theory of the Calderon-Zygmund operators, see [FRT and
RT], these operators are bounded from L? into L., I <p<i<oo, ¢! =

~1—2~!. Therefore, ® satisfies the hypotheses of Theorem (2.1) and ¥ those
of Theorem (2.4). Let a(x) be in BMO(v) and a(x) in BMO;~(v) defined
as d,(x) =a(x). Then

o7 (f)(x) = (/ k(x, )(a(x) - <y>>m¢<1x—y|/e>f<y)dy)
and

Y7 (f)(x) = (/Ik(x,y)lla(X)—a(y)l'"w(lx—y|/8)f(y)dy> ,

€

are bounded linear operators from L?(o”) into L], (B9) for 1 <r<p<i<
00, g l=p~ ' =271, af~!=v™, o and B" in A(p/r, q/r). If we define

Em(f)(x) = ( / k(x, y)(a(x) - a®))" £(y) dy) ,
|x—-y|>e >0
then, the difference

UM(f)(x) = ®(f)(x) - C(f)(x)
= ([ ktx. y)atx) - a0 - i) xu,oo)(lx—y|/8)}f(y)dy)e>0,
satisfies
1UZ ()l < sup ( / lk(x, )l la(x) — a(y)™w(1x = y|/e)l f¥)] dy)

= 5 (f ) ()l -
Therefore, U (f) is a bounded operator and this shows that 6’5" (f) is bounded
under the same conditions. Thus,
(€M (£)x) = 1CT S )i

is a bounded operator.

C. Let ,
srw ={ [ £ 101av}

xX=y rerR
Since, by the Carleson-Hunt theorem, see [H], this operator is bounded from L?
into L}, , 1 <p < oo, and observing that the kernel k(x, y) = e~ /(x - y)
satisfies the conditions of Theorem (2.1) then

s ={ [ £ ) - ap)nroray}

is a bounded operator from L?(a”) into Lf_(B”), provided that 1 < p < oo,
a and B belongto A(p, p),and af~! = u'", and a belongs to BMO.
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D. Let E be an U.M.D. space. Then, the Hilbert transform
Hf) =p. [ f0)/0x-y)dy,

is known to be a bounded linear operator from L% into L%, see [Bu]. There-
fore, by Theorem (2.1) we get that

Ca'(f)(x) = pv. /(a(X) —a)"f)/(x -y)dy,

is a bounded linear operator from L%(a”) into LE(B?), a and B in A(p, p),
ap~!=v™, 1 <p < oo, a belongs to BMOg g gy and satisfies a(x)a(y) =
a(y)a(x) forevery x and y.

E. Maximal operators. Let 0 < ¢ € L'(R") verify |¢p(x — y) — é(x)| <
cly|/|x|**!, provided that |x| > 2|y|. Set ¢.(x) = e~"/* ¢(x/e). Then the op-
erator My(f)(x) = (f * ¢e(x))e>0, is a bounded linear operator from L? into
L}, , see [FRT and RT]. It is easy to check that the kernel w(x, y) = ¢¢(|x—-y|)
satisfies the hypotheses of Theorem (2.4). Therefore, if a € BMO(v), the op-
erator

M7 = ( [ lat) - a0mautx - f0)dy)
e>0
is a bounded operator from L?(a?) into L7, (B?), 1 <p <A < o0, g ! =
“1_-A-1, a and B in A(p, q), af~! = v™, meaning that the operator

sup [ la(x) - a()I"6.(x = ) dy,

is bounded from LP(a?) into L?(B7) under the same conditionson p, g, 4, a,
p and v. In particular taking ¢ such that x;_, ;; < ¢, we obtain that

SP) = suplel [ Jat) - ap)i S ) dy,
x€Q Q

is a bounded linear operator from L?(a”) into L(f9). Moreover we have the
following theorem:

(3.2) Theorem. Let v be such that v™'12 € A(2,2), then the following con-
ditions are equivalent

(a) For every p and q suchthat ¢' =p='—A"!, a and B in A(p, q) and
af~! =v™, the operator S™(f) maps LP(c”) into Li(B9).

(b) The function a(x) belongs to BMO(v).

Proof. We have seen that (b) implies (a). Let us prove that (a) implies (b). B
the factorization theorem of weights, see [RFC], there exists vy and v; such
that v™ = you!, vy and v, belonging to A(1,1). Let p = 24/(A+ 1),
g=2N,then 1<p<A,p =g,and g-' =p~! - 27!, Let a = (vor;!)/4
and B = (v;'v1)'/4, then af~! = v™ and a and B belong to A(p, q).
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Therefore, we have

(lQr‘ /Q |a(x)—aQ|dx)m <|o"! /Q la(x) — ag|™ dx

<ior? [ ([ ace |"'dy)

<i07 ([ 1o | jatx -aanopeiarax)
(1 [ 5 ax)"
<e(ier [ wax) " (1 [ 5 )"

Since of = B9 = v/ p=4g' =21/(A+1) we get

(12 A |a<x)—aQ|dx)m <c(ier /Q ma).

Then, by Lemma (4.4) in the following section, we obtain
017" [ la(x) - agldx < clQl™ [ v dx
Q Q
as claimed.

4. PROOFS OF THE COMMUTATOR THEOREMS

We begin this section with a sequence of lemmas.

(4.1) Lemma. Let a belong to BMO(v), af~!=v™, m>1, a and B in
A(s', 00), 1 <s<oo. Then

(1217 [ a0 - agl™ o) "< ()

holds for every ball Q with a constant ¢ depending on the class constants of o
and B only.

For a proof of this lemma see [B].
(4.2) Lemma. If v™ € A, and satisfies

1+¢
4.3) o [ it dx < (IQI“ / u’”(x)dx) :
0 0
for every ball Q; c independent of Q, then
m(1+e)
o [ V(x)'"““)dxsc(lQl“ / v(x)dx) ,
0 0

for every ball Q, c independent of Q.
For a proof see [STW].
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(4.4) Lemma. If a € BMO(v) and (4.3) holds, then

(‘Q'_'/Qlla(X)—aQum(lﬂ) dx) < (IQI“/Qu(x) dx)m(m)

holds for every ball Q with c¢ independent of Q.
For a proof see [B].

(4.5) Lemma. Let o and B be weights such that o and B’ belong to
A(((p/r)'t)', q), t>1,and af~' =v™, m > 1. Then, if § = al=k/m gkim
0 <k <m, we have

op € A(((p/r)'t), q) and Jkéh" =vhk, ifo<k<h<m.
Proof. We have

IQI—I /Qa—r(p/r)’tdx= IQl—l/;a—r(p/r)’t(l—k/m)ﬂ—r(p/r)'tk/m dx.

Then, by Holder inequality, we get that the integral above is smaller than or

equal to
, (1-k/m) , k/m
(IQ'—I / a—r(p/r)tdx) <|Q|—l/ ﬁ—r(p/’)th) .
Q Q

Analogously,

|Q|—1/052dx5 (IQ'_lfgaqu)(l_k/m) (IQI"/Q,B"dx)k/m,

and the lemma is proved.

(4.6) Lemma. Let K be the operator in the statement of Theorem (2.1). Let
Q be a ball and f a function with support contained in 4Q. Then if o, B,
and v are weights such that af~! = v™, m > 1, o and B’ belong to
A(((A/r)v), 00), v > 1, we have

™! /Q 1K (@ - ag)™ f)(2)]| dx

<c(infs) ([1r0Pawr ay) "

where the constant ¢ depends on the class constants of o and B only.
If W s the operator in the statement of Theorem (2.4), we have that

(4.7)

0! /Q W (ja - ao|™|f (2)ll dz

0 <c (igf ﬂ") ( / IfW)IFa(y)? dy)w

holds with the same hypotheses as before.
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Proof. Let p be defined by p(A/p) = r(A/r)v. Then r < p < A and if
1/g=1/p—1/1 we get

o [ I1K(@a-ag)" ()l dz
Q
l/q
<|Qe ( /Q 1K ((a - aQ>'"f)(z)uqdz)

1/p
<o) ( /4 (1a0) el dy)

1 1/pY Y 1/p(A/p)
<c|0|” /e ([‘Q lla(y) — aQ"mp( 1) o(y)~P@*/p) dy)

' ( / I/ (y)llla(y)l)lu |

Since ¢ = p(4/p)’ and applying Lemma (4.1) we obtain that (4.7) is bounded
by c(info B~Y)([ IIf(¥)*a(y)* dy)!/*, as we wanted to show.
As for (4.8), the proof is the same.

(4.9) Lemma. Under the same hypotheses of Lemma (4.6), we have

0! /Q la(x) - aol™ 1K £(x)ldx

(4.10) 1
<c (ierfﬂ-‘) ( [ 1ty dx) ,
and
o™ / la(x) - agl™|W (f )(x)]| dx
(4.11) ¢

< (i) ([ 176l ey dx)m .

Proof. Let us choose ¢, 0 <& < 1, such that
(1) r<i(l-e).
(i) if s=1+¢/((1—¢e)dl—¢g),then s<r(d/r)v.
(i) (M1 -¢)/r) <(A/r)v.
Then, let p = A(1 —¢). Then, by (i) we have r<p <4 and 1/s'=1/p—1/4.
Thus, the first member of (4.10) is less than or equal to

1/s'

1017" | lla(x) - agll™a(x)~* dx " 1017 [ IK(N) I alx)* dx
Q

Since by (iii), r(p/r) < r(A/r)v, we have

) 1/(p/r) 1/(q/r)
(1o [amerrax) ™ (1o [ o)
0 0
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showing that a" belong to A(p/r, q/r). Thus
, , 1/s'
(IQI“ JIK @I atxr dx)
1/p
-1/s' a
<clQ) ( / LGPty dx)
1/4
< clQ| Vs +1IpalpY ( [isetaey dx)

= ([ 1ft0Fatiax) "

Since by (ii) we know that s < r(4/r)'v, then by Lemma (4.1)
(1o [ 1atx) - aol™atx)ax) <. (infp~")
Q

Therefore, (4.10) holds as claimed.
As for (4.11) the proof is the same. We observe that the lemma is true if
m = 0. The proof is simple.

(4.12) Lemma. Let a € BMO(v), 8~ =vk, k>0, § and B belonging to
A(v',00), v>1. Then

@ (o A a- agl*dx) (1o /Q 1) << (infs") W3l

holds, with a constant ¢ depending on the class constants of 6 and B only.
Proof. We have

07" [ Isldx < lgdle (IQI" [ dx) < cllgdllee (infa-') .
Q Q Q

Therefore, the first member of (4.13) is bounded by

1/v
C(IQI“ /Q |a—aQ|"a-')nganooSc(|Qr‘ /Q |a—aQ|’“'6-") .

and applying Lemma (4.1) we get (4.13).

(4.14) Lemma. Let k(x,y) and w(x, y) be kernels satisfying the hypotheses
of Theorems (2.1) and (2.4). Assume that the support of f(x) is contained in
C4Q. Let o and B" belong to A(AJr, ), af™' =v™, m >0, a and
a € BMO(v). Then,

if z € Q, we have
e [ 1at - al” (k. » - kz 1AWy ) ax

<c (igfﬂ“) ( [ir1a dx)m ,

(4.15)
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ifx,zeQ, then

(4.16) / lk(x, y) ~ k(z, )l la(v) - agl™ ./ )l dy

<c(infs~) ([ 11 dx)w ,

if z € Q, we have
(4.15) 'Q'_'/Q'“(") ~agl" ( [ wtx. y) = wiz »SW)ldy) dx
<c (irglfﬂ“) (/Wal dx)m , and

ifx,z€Q, then
/ lw(x, y) - w(z, y)lla®) - agl™ f()|dy

<o) ([t

hold with a constant ¢ depending on the class constants of a and B only pro-
vided that

(4.16))

1
/ Ig"(1/t)w, (1) dt/t < .
0
Proof. We begin with (4.15). Let Q = {y: |y — xo| < d}. We have

[,y = ez, SO dy
(4.17)
=3 [ g g ) K DS

Since for R = 2¥~!d we have 2¥Q ~ 2¥-1Q = {y: R < |y — x| < 2R} and
|x —xo| <d < R/2, |z - x9| <d < R/2, by Holder inequality, and condition
(2.3) we get that the integral under the summation sign is bounded by

1/r 1/r
(/ k(e ) -kl dy) ([ 1soray)
2kQ~2k=10 2kQ
<c (2"‘ +/ w,:(t)dt/t)
|x—z|/2k d<t<|x—z|/2k-1d

. (/ I O)Pay) dy)l/l <|2kQ|_l /sz a—r(l/r)'>1/r(l/’)’ |

Since o € A(A/r, oo), the second member of (4.17) is bounded by

¢ (igfa) (1 +f (1) dz/t) (1o atry dy)w .
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Then, by Lemma (4.1), the expression (4.17) is less than or equal to
et [ 1a0x) - aglatx)! dx

, , 1/r(A/r)'v
<c (IQI“1 / lla(x) — ag|™ NV a(x) =" HN" dX> LS Nlexlla
1/4
<c(ite) ([oltavray)
which proves (4.15).
Let us prove (4.16). We have
/ lk(x, y) —k(z, y)lllla(y) — agl™ I f W)l dy
= k -k - ap||™ .
D Loy W6 2) =Kz ) a1l

Since |ja(y) — agll < lla(y) — azkgl| + |lazkg — ap|| the integral under the
summation sign is bounded by

c / Ik(x, ¥) — k(z, Yl ) - azkol™ I f )| d
2kQn2k-1Q

+ cllazkg - anI"’/ Ik(x, ») = k(z, NSO dy = Ak + By
2kQn2k-1Q

As for A; , by Lemma (4.1) we get
1yr
A <c ( / lk(x, ¥) - k(z, 9" dy)
2kQn2k-10Q
, o\ Ly
([ 1at) - axkel™ " aly) 167 ay)
2%Q

1/ ’
(f1roramray) et

< (2-k + / (t) dt/t)
Ix—z|/2% d<t<|x—z|/2k~\ d

(iae8~) ([ 10 ety dy)m .

In order to estimate By , applying Holder inequality twice, we obtain

1yr
By < llaskg — ag” ( / (. 3) =Kz, 91 dy)

kQn2k—1

(L ewreras) ™ ([usonanrar) .

. k .
Since [lazkg — agll < S5, lazj — ay-1]l and

lazjip — ay-10ll < 2°127Q|"! L e ~aziolldy.
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we get

1/r(Ar)!
”asz _ aQ“m (/ a(x)"(‘/’)' dx) [rafr
2kQ

< cllazkg — ag|™ (i,?fa") |2k Q| /ran
%Q

< ck™2kQ|Vr4" max (IZ’QI" /  la(y) — agjol™ ¥ a(y) =" dy
1<j<k 2iQ

) 1/r(A/r)!

< ck™ (igfﬁ—l) Isz'l/r(/l/r)’ .

Therefore, by condition (2.3),

B <c (infﬂ“) km (2—k + / w(t)dt/t)
) [x—z|/2* d<t<|x—z]/2¢-1 d

([1ro)a0y dy)w .

Adding up our estimates on A4, and B, , we get that (4.16) is bounded by

c (igfﬂ") (1 +f (1w () dr/r) ( [1smlta0y dy) "

as we wanted to show. The proofs of (4.15') and (4.16’) are just the same.

Proofs of Theorems (2.1) and (2.4). Let us prove Theorem (2.4) first. Let us
estimate (W,,f)*(xo). Let Q be a ball and xo € Q. Let us assume, as we
may, that ap =0. Let f = f; + f;, where f, = fxsp. We define cp € F as

- -1 m
co=101" [ ([la0)mwiz, »A0)dy) dz.
Then,
IQ|"/ W f(x) = coll dx
Q
<lg! / IWnfi @l dx +1017" [ 1Wnfo(x) - colldx
Q Q

=A1+4,.
For A,, we have

4, SCIQI"/Qla(X)I'”IIW(IflI)(x)IMx+CIQ|"’/QIIW(IaI'”Ifll)IIdx‘

As for A, recalling that for v € F, ||(|v])|| = ||v]|, we have

4, < QI /Q “ oI /Q ( [ @) - aymux. ) - ez, AR dy) dz

dx.
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Let us estimate the expression inside the norm. We have

o™ / (/ (@(y) — a(x)™w(x, y) - a(y)"w (z,y)llfz(y)ldy> dz
: Z '“‘x"m_’/ wix, VLA dy

rig! / ( [t - z,y)lla(y)l'”lﬁ(y)ldy) dz =B, +B,.

Since [a)l! < Q™" f,la(y) — a(2)|i dz , we get
m—1
Bi<e o [Q ( [ 1) - a@)(x, y) - wiz, ) Ifz(y)ldy)dz

m—1
+3 Jatx)mi|Q)! / Wi(f1)(z)dz = By + Bis
i=0 [

and
By < clQ™! /Q / (2G| +a@)|"+a(z)| ™ w(x , y)-w(z, y)| | () dy) dz

Thus, collecting estimates, and dropping the assumption ap = 0, we obtain
that

0! / W () — coll dx
Q
<c{ior [ lae - oI (fiDex)l dx + 0
Q
: / 1 (la - agl™| /i) (x)l| dx
Q
+1017" [ Ja(x) - agl” / lw(x, y) = w(z, I AG) dy
Q
1o /Q [, y) - wiz i |a<y>—aQ|'"|fz(y>|dy}

+c'§ (IQI“ /Q a(x) - agi"~tdx ) (1™ /Q Wilf D(2)dz )

m—1
=CcRm(f, Q) +¢ > Sm.i(W(f]), Q)

i=0

where R, (f, Q) is the expression inside the brackets and

. = -1 _ m—i -1
Sn.i5. 0) (12 /Q latx) - g™ ax ) (10l /Q 2(2)ldz)
If we define Ry, (f)(x0) = supy,eq Rm(f, @) and
Sm,i(8)(x0) = :%%Sm,i(g, Q),
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we get

m-—1
(4.18) W (f)*(x0) < ¢ [Rm(f)(Xo) +y Sm,i(u/i(lfl))(XO)] :
i=0

Thus, by Lemmas (4.6), (4.9) and (4.14), we get

18RS lloo < ( [1fatxy dx) "

provided that v™ = af~!, o' and B" belonging to A(((A/r)'v)’, o0), v any
number greater than one and the constant ¢ depending only on the class con-
stants of o and .

Also, by Lemma (4.12) we get ||fSm,i(8)llc < c|laglleo, provided that
af~ ! =v™ i o and B belonging to A(v’, o), v any number greater than
one and ¢ depending on the class constants of o and .

Let To(f) = Rm(fv™™). Then

1/
1BToS llo = IBRm(fv ™)l < ¢ ( I dx)

=c([1rrpiax) "

whenever 7 and (v™B)" belong to A(((A/r)'v)’, c0).

By the Extrapolation Theorem (1.3) we get that ||fTof ||, < c|| Bf || » holds
for g7 and (v™pB)" belonging to A(((p/r)'t),q), ¢~' = p~' —i~!. Thus
IBRm(/)llg < cllef I, provided af=1=vm.

Let Ti(g) = Sm,i(gv'™™). Then by Lemma (4.12), we have

IBTigllco = 1BSm,i(gv" ™)l < cllgr' ="l = cllgBlloo

whenever B and 6 = v™ /B belong to A(v’, co). Then by the Extrapola-
tion Theorem (1.3), in the case 4 = oo, we get [|fTiglly < c||fglly for ev-
ery B such that B and (v™ ‘B)" belong to A(((q/r)'t)’, q/r). Therefore,
if J; is the weight given in Lemma (4.5) and observing that since p < ¢,
A(((q/r)t), a/r) c A(((p/r)'t)', q/r) , we have that

"ﬂSm,i(W'if)'lq.: IBTi(v™ " Wi(f))llq
< cllBr™T Wi )llg = clldiWi(f)llg < cllaf i,
holds. Thus, by (4.18), we obtain

m—1
1B f g < clBRm(Hllg +¢ 3 1BSm, ilWif Mg < cllaf Il
i=0
as we wanted to show.

In order to finish the proof of Theorem (2.4) we have to show that the sharp
function theorem, see [CF and RFC], applies. Let f € C;° and let Q be any
ball containing the support of f. Then, the function W,,f(x) is well defined
and belongs to L(+%) on Q. In fact,

IWnf(X)I| < cla(x) — ag™IW (S DI + cllW(la — agl 1/ DI
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Then,
/Q”Wmf(x)"lﬂ dx<c (/Q |a — ag|m1+e)s dx)'/‘
(4.19) . (/ I (1f ) (x)]| 1+ dx)l/s,

, 1/s'
£1Q]V ( /Q W (a — ag|™| £ )(x) 0+ dx) .

If s and ¢ are chosen so that (1 + ¢)s is close enough to zero, then, by

Lemma (4.4)
1/s
(/ la — ag|™(1+o)s dx) <.
Q

Moreover, since (1 + €)s’ can be assumed to be greater than A’, by the
boundedness of the operator W and Lemma (4.4) again, the second member of
(4.19) is seen to be finite. Let M, be the Hardy-Littlewood maximal function
restricted to cubes contained in Q and analogously f*¢ the sharp function
obtained by using the same cubes. Then, if 0 < n is small enough we have

Jorrmatsvrass (/Q Mo(IW £ 1)+ dx)”’ -

. ( / e/’ gy
0

Since 7 is as small as we please, [(1 + ¢)/n]’ is sufficiently close to one,
therefore, by the maximal theorem we see that the second member of (4.20) is
finite. Then, by the sharp function theorem we have

[uwsieprax e [qwrirepyax
0 Q

(4.20) ) 1/((1+e)/n')’

<c /Q (WfYBYdx<c / (WI)B)ydx,

where the constant depends on £ only. Thus, enlarging Q we get

(f1wsiepe ax) "o (fwrrypeax) Py (firparax) "

as we wanted to show.

Proof of Theorem (2.1). Let Q be a ball. By conditions (i) and (iii) of Theorem
(2.1), it follows easily by induction on m that

(@21)  C™aof)=3gC™(f),  Clalf) = Cll g asf),
and
m “ k kY. m—k k
(4.22) Cm()x) = =1 (), )atm K @t ).
k=0
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By (4.21), we can assume that ap = 0. By elimination, from (4.22) we get
that for suitable constants r; , we have

™(f) = Zr amkCkf + (-1)"K(a" f).
Let f=fi+ fi, fi=f-xa. We define cy as
= (-1y"jQI"! /Q K(a" f;)(z)dz
=i | ([ k. v s ay) dz.

The vector ¢p is well defined if f has a compact support. Then,

m—1
C™M(f)x)—co= (Z rk&(X)’”"‘C"(f)(x)) +(=1)"K(a" fi)(x)

k=0
+((=1)"K(@™ £)(x) - cg) -

Since, for x € Q, we have
(~1)"K (@™ f)(x) - (~1)"|Q]"" /Q K(a" f)(z)dz
= (~1)"Q"! / / [k(x,y) - k(z, Y)]a" () o(y) dy dz,
Q
we get (dropping the assumption ag = 0)

o™ / IC™ f(x) - coll dx

MS

=10 / la(x) — aglI™ | C* £(x)] dx

x
Il

0

reior! [ 1K@ —agrfildx
vl [ (f ke, v) - k(z. o) - agl”I01 ) dz)

m—1

=c{ZRk(ckf, Q) +5(f, Q)} :
k=0

where Ri(g, Q) =1Q|™" [y lla(x) - ag|™*|iglldx .

Thus, if Ri(g)(x0) = sup,ep Ri(g, @) and S(f)(xo) = sup, o S(f, Q),
we obtain the estimate

m—1
C™(f)*(x0) < C{Z Ri(C* f)(x0) +S(f)(xo)} :

k=0

From this estimate, the proof of the theorem is almost the same as that of
Theorem (2.4) and will not be given.
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